We study the a 0 and σ mesons with the overlap fermion in the chiral regime with the pion mass as low as 182 MeV in the quenched approximation. After the η ′ N ghost states are separated, we find that the a 0 mass with qq interpolation field to be almost independent of the quark mass in the region below the strange quark mass. The chirally extrapolated results are consistent with a 0 (1450) being the ud meson and K * 0 (1430) being the us meson. We also calculate the scalar mesonium with a tetraquark interpolation field. In addition to the two pion scattering states, we found a state at ∼ 550 MeV. Through the study of volume dependence, we confirm that this state is a one-particle state, in contrast to the two-pion scattering states. This suggests that the observed state is a tetraquark mesonium which is quite possibly the σ(600) meson.
: Spectrum of scalar mesons together with π, ρ, a 1 and a 2 mesons.
Under the supposition that a 0 (980) and f 0 (980) are the tetraquark mesoniums on account of the fact that they are favored by the spectroscopy studies [1, 2] , small two-photon decay widths [7] , and the pattern of φ and J/Ψ decays [8] , the question remains as to where the isovector scalarstate is. From Fig. 1 , we see that one candidate is a 0 (1450). However, in the conventional wisdom of the quark model, its mass is too high. Not only it is higher than a 2 (1320) and a 1 (1230), in contrast to the spin-orbit splitting pattern in the charmonium; it is even slightly higher than K * 0 (1430) which contains a strange quark and is believed to be the sū or sd meson in practically all the models [9] . According to the quark counting rule, mesons and baryons made up of strange quarks are expected to lie higher than their counterparts with u/d quarks. Notwithstanding the success of the quark potential model in charm and bottom hadrons, its applicability to light hadrons with SU(6) symmetry has been questioned, since chiral symmetry plays an essential role [10, 11] in light hadron dynamics. Might it be that the scalarmeson is yet another challenge to the SU(6) quark model's delineation of light hadrons?
Lattice QCD is perhaps the most desirable tool to adjudicate the theoretical controversy surrounding the issue and to reveal the nature of the scalar mesons. In fact, there have been several calculations to study the a 0 meson with theψψ interpolation field in the quenched approximation [12, 13] and with dynamical fermions [14, 15, 16] .
In calculations with relatively small quark masses, it is found that the a 0 mass does not change much below the strange quark mass. As a result, the chiral limit result is consistent with a 0 (1450). Furthermore, it is emphasized that the would-be η ′ π ghost states give negative contributions to the a 0 correlator in both the quenched case [13] and the partially quenched case [14] when the quark mass is lower than the strange. Thus it is essential to take out these quenched or partially quenched artifacts before one can confidently obtain the a 0 mass. In the case of σ, a calculation of the tetraquark mesonium with the pseudoscalar-pseudoscalar 4-quark interpolation field [22] has been performed. From the deviation of the lowest state mass from that of the expected two-pion scattering state, it was suggested [22] that a bound mesonium state is seen.
In the present work, we shall use the overlap fermion [17] to calculate a 0 and the scalar tetraquark mesonium. The overlap fermion has the great advantage of having exact chiral symmetry at finite lattice spacing. Since chiral symmetry may play a pivotal role in these mesons, we believe it is essential to adopt a fermion action which explicitly exhibits the correct spontaneously broken chiral symmetry at a given lattice spacing. The overlap fermion has the additional benefit of allowing access to realistically low quark masses without much critical slowing down [18, 19] . The only practical drawback is that it takes about 100 times more computer time to calculate quark propagators as compared to the Wilson fermion. For the study of a 0 , we shall use the sequential empirical Bayes method of constrained-curve fitting [20] to fit the quenched η ′ π ghost states in order to extract the physical a 0 in the chiral region with a pion mass as low as 182 MeV which is much lower than most of the previous calculations. For the study of the ππ mesonium with the tetraquark interpolation field on our lattice, it is crucial for the pion mass to be lower than ∼ 250 MeV in order to separate out the ππ scattering states from the one-particle mesonium in order to reveal the nature of the fitted states from the tetraquark correlator. For this reason, the adoption of the overlap fermion turns out to be crucial for this study.
Our calculation is based on results from the 16 3 × 28 and 12 3 × 28 lattices with 300 quenched Iwasaki gauge configurations (β = 2.264) and overlap fermions with a lattice spacing a = 0.200(3) fm determined from f π (m π ). This makes our lattice sizes as large as 3.2 fm and 2.4 fm, respectively. At our lowest pion mass at 182(8) MeV, the finite volume error is estimated to be ∼ 2.7% [19] . A subset of these quark propagators was used to study the quenched chiral logs in pion and nucleon masses [19] , the Roper and S 11 [11] , and the pentaquarks [21] .
We first report results on a 0 for which we useψψ as the interpolation field. Since a 0 is an isovector, one only needs to calculate the correlator with the connected insertion. Shown in Fig. 2 are a 0 correlators as a function of time for 6 low quark cases with pion mass from m π = 182(8) MeV to m π = 764(5) MeV. It is seen that for pion mass lower than ∼ 600 MeV, the a 0 correlator starts to develop a negative tail, and it is progressively more negative at earlier time slices for smaller quark masses. This is a clear indication that the ghost η ′ π states are dominating the correlator over the physical a 0 which lies higher in mass. This has been seen in the quenched [13] and partially quenched [14] calculations and the ghost contribution has been removed with the help of a resummed hairpin diagram. Here we shall use the Bayes-based adaptive curve-fitting algorithm [20] to fit the ghost states with the form W (1 + E π t)e −E η ′ π t which has been successfully employed to fit the η ′ N ghost states in the nucleon-S 11 correlator [11] and the η ′ KN ghost state in the pentaquark correlator [21] . The (1 + E π t) pre-factor reflects the double-pole nature of the hairpin diagram and the weight W is constrained to be negative to preserve the ghost nature of the state. E η ′ π is the total energy of the would-be η ′ and π which is constrained to be not far from the energy of the two non-interacting pions, i.e. 2 p 2 n + m 2 π with discrete lattice momenta p n = interacting would-be η and π scattering state at zero momentum, the other is the one with both of them having one unit of lattice momentum, i.e. p 1 . We have been able to fit 4 states in the time window from t = 2 to t = 12 − 13. The third state has a positive weight and is the physical a 0 . We plot its mass as a function of the corresponding m 2 π in Fig. 3 together with that of a 1 for comparison. The latter does not have ghost state contamination and is thus easier to calculate. We see that above the strange quark mass, a 1 lies higher than a 0 as expected from the quark model of heavy quarks. However, when the quark mass is smaller than that of the strange, a 0 levels off, in contrast to a 1 and the other hadrons that have been calculated on the lattice. This confirms the trend that has been observed in earlier works at higher quark masses [12, 13, 14] and the chiral extrapolated mass a 0 = 1.42±13 GeV suggests that a 0 (1450) is astate. By virtue of the fact that we do not see a 0 (980) which lies lower, we estimate the spectral weight ratio 0|ψψ|a 0 (980) 2 / 0|ψψ|a 0 (1450) 2 to be less than 0.015 from the time window where a 0 is fitted and the relative error of the correlator. Our calculation of the K 0 (1430) is 1.41 ± 0.12 GeV in the chiral limit and the corresponding scalarss state from the connected insertion is 1.46 ± 0.05 GeV.
This explains the fact that K 0 (1430) is basically degenerate with a 0 (1450) despite having one strange quark. This unusual behavior is not understood as far as we know and it serves as a challenge to the existing hadronic models.
Since we do not see a 0 (980) in the a 0 correlator with theψψ interpolation field, it leaves room for it to be something other than astate, e.g. a q 2q2 state as suggested in model studies. However, it is a challenge to verify it on the lattice due to the complication that there is a threshold KK state nearby (within 20 MeV). Therefore, we shall study the σ(600) first which, if present as a tetraquark mesonium, is several hundred MeV above the ππ threshold and several hundred MeV below the next ππ scattering state with momentum p 1 . This is so, provided that the pion mass is lower than ∼ 250 MeV, and it may present the best hope of detecting such a state without the worry of entanglement with the collateral two-meson scattering states. Since the lowest pion mass in our case is 182 MeV, we are in a position to examine it. The σ meson was first postulated by M.H. Johnson and E. Teller as a classical field to explain the saturation properties and binding energies of nuclei and they estimated a mass ∼ 500 MeV from the surface energy [24] . It has been suggested that it is partially responsible for the enhancement of the ∆I = 1/2 decay in K → ππ [25] . Although it is put back in the particle data table on account of the
, its existence is still unsettled due to the fact that its large width is as large as its mass. Lattice QCD, in principle, is capable of resolving the issue about its existence. Since all the states are discrete on the lattice and each state is an eigenstate of the QCD Hamiltonian, as long as one can distinguish the one-particle state from the two-particle scattering states, one only needs to find out whether the state exists and how strongly it couples to the tetraquark interpolation field. The decay width can be addressed by studying the volume dependence of the two-particle energy spectrum [23] .
The calculation of tetraquark state with theψγ 5 ψψγ 5 ψ interpolation field has been attempted [22] . It is found that in the I = 0 channel, the ground state is lower than the two interacting pion state and is interpreted as a bound state -a tetraquark mesonium. The pion masses in this study are, however, quite heavy, i.e. around 800 MeV. To confirm the existence of σ(600) beyond doubt, one needs to first work in the chiral region where m π < 300 MeV to reflect the physical situation that σ is a resonance instead of a bound state. Secondly, one needs to identify both the tetraquark mesonium and the collateral ππ scattering states. Thirdly, on needs to discern the nature of these states separately to make sure that σ is indeed a one-particle state and not a two-particle scattering state. To this end, we used the adaptive Bayes curve-fitting method [20] to fit the ground state and the excited states of the tetraquark correlator. There are no η ′ π ghost states to worry about in this channel, as there are in the a 0 correlator. As in Ref. [22] , we consider only the connected insertion, not the single and double annihilation insertions. They are likely to preferentially project to the higherand glueball state [22] . To verify this, we use two point sources at t = 0 and t = 8 and a zero-momentum wall source in the Coulomb gauge at t = 14 to calculate the disconnected insertion correlator at time separations t − t 0 = 0, 6, and 14 and found that they are an order of magnitude smaller than the corresponding connected insertion correlator. This shows that the annihilation diagrams are not likely to change the results of the connected insertion qualitatively. We present our results on the 12 3 × 28 lattice in Fig. 4 as a function of m 2 π for the pion mass range from 182 MeV to 250 MeV. We have fitted three states. The lowest one is about 100(30) MeV below the ππ threshold. This is most likely the interacting state of two pions at rest which is attractive in the I = 0 channel. From the Lüscher formula [27] and volume dependence, one could determine the ππ phase shift. The third state with a large error bar is about 1 GeV above the lowest state. It is likely to be the ππ state where each pion has one unit of lattice momentum p 1 which is 524 MeV on our 12
3 × 28 lattice. The fact that it is higher than the non-interacting two-pion energy with momentum p 1 as indicated by the higher solid line is an indication that the highest fitted state is always higher than the true state as it inevitably includes the unfitted higher states.
The most interesting aspect of the spectrum is that there is an extra state between the two ππ scattering states with a large spectral weight. The mass is around 600 MeV. It is tantalizing to identify it with σ(600). To verify this, we study the volume dependence of the spectral weight of these states. It is advocated in the study of the Roper resonance, the pentaquark, and the ghost state [11, 21] that one efficient way of distinguishing a one-particle state from a two-particle scattering state in a finite box is to study the volume dependence of its spectral weight. From the normalization factor of 1/ √ V for a particle in a box and the way the correlator is constructed, i.e. with a point source and a zero-momentum sink, the spectral weight of a one-particle state does not explicitly depend on volume; whereas, the spectral weight of a weakly interacting two-particle state has an explicit 1/V dependence [11] . Since we have two lattices with sizes 12 3 × 28 and 16 3 × 28, the spectral weight ratio for a two-particle state should be W 12 /W 16 = V 3 (16)/V 3 (12) = 16 3 /12 3 = 2.37. Plotted in Fig. 5 are the ratios of the spectral weights for the lowest state in Fig. 4 and the first excited state around 600 MeV. We see that the spectral weight ratio W 12 /W 16 for the lowest state clusters around 2.37, confirming our speculation that it is the interacting two pion state. On the other hand, the spectral weight ratio W 12 /W 16 of the excited state near 600 MeV turns out to be consistent with unity. This suggests that this state is a one-particle state, not a ππ scattering state, and strongly supports the identification of it to be the σ(600). Extrapolated to the chiral limit, the mass is 540 ± 170 MeV. Although lattice study of tetraquark states started sometime ago with the calculation of ρρ mesons [28] , we believe this is the first time that the existence of a tetraquark mesonium is rigorously confirmed on the lattice.
To conclude, we calculated the isovector a 0 with theψψ interpolation field and σ(600) with the tetraquark interpolation field. With the overlap fermion, we have come down in the chiral region with unprecedented low pion mass (182(8) MeV) in the quenched approximation. After removing the fitted η ′ π ghost states, we found the lowest a 0 at 1.42 ± 0.13 GeV and K * 0 at 1.41 ± 0.12 GeV which are consistent with the experimental a 0 (1450) and K * 0 (1430) being thestates and confirms the earlier findings in quenched and partially quenched calculations at higher quark masses. From the I = 0 scalar tetraquark correlator, we have been able to fit as well as to identify both the lowest interacting two-pion state and a one-particle state at 540±170 MeV through the volume study of their spectral weights. This suggests that σ(600) does exist as a particle and it is a tetraquark mesonium. Further lattice calculations with dynamical fermion in the chiral region with m π < 300 MeV are needed to check these results.
